Photoionization of multishell fullerenes studied by ab initio and model approaches [Eur. Phys. J. D 70 (2016) Photoionization of two buckyonions, C60@C240 and C20@C60, is investigated by means of timedependent density-functional theory (TDDFT). The TDDFT-based photoabsorption spectrum of C60@C240, calculated in a broad photon energy range, resembles the sum of spectra of the two isolated fullerenes, thus illustrating the absence of strong plasmonic coupling between the fullerenes which was proposed earlier. The calculated spectrum of the smaller buckyonion, C20@C60, differs significantly from the sum of the cross sections of the individual fullerenes because of strong geometrical distortion of the system. The contribution of collective electron excitations arising in individual fullerenes is evaluated by means of plasmon resonance approximation (PRA). An extension of the PRA formalism is presented, which allows for the study of collective electron excitations in multishell fullerenes under photon impact. An advanced analysis of photoionization of buckyonions, performed using modern computational and analytical approaches, provides valuable information on the response of complex molecular systems to the external electromagnetic field.
I. INTRODUCTION
Formation and dynamics of electron excitations in fullerenes, their derivatives and other carbon-based nanoscale systems like polycyclic aromatic hydrocarbons (PAHs) have been widely studied, both experimentally and theoretically, during the past decades [1] [2] [3] [4] [5] [6] . A particular attention has been paid to ionization of a C 60 fullerene under the photon, electron, and ion impact [7] [8] [9] [10] [11] [12] [13] [14] . Because of their high symmetry and stability, these molecules have been of significant fundamental interest aimed at better understanding the photon-and chargedparticle-induced processes in complex many-particle systems. The understanding of the mechanisms of electron emission from nanoscale systems exposed to ionizing radiation is a key issue in a wide range of physical and chemical processes [15, 16] .
Although the structure and dynamics of pristine fullerenes have been widely explored, much less attention has been paid to more complex systems, namely multishell fullerenes or buckyonions -concentric carbon nanostructures composed of several nested molecules [17, 18] . Unlike fullerenes and carbon nanotubes, the properties of carbon buckyonions are still not well understood. Accurate theoretical studies of the structure and dynamical properties of these systems are also rather limited because of the large number of constituent atoms and related high computational costs.
Several papers have been devoted to the study of the static dipole polarizability of carbon buckyonions [19, 20] . Density-functional theory (DFT) calculations [20] revealed that the static dipole polarizability of the C 60 @C 240 onion is very similar to that of the isolated C 240 , so that the inner fullerene is almost completely screened by the outer shell. References [21, 22] were devoted to a theoretical study of photoionization and photoelectron angular distribution asymmetry parameters of an atom A confined in spherical multiwalled fullerenes, A@C 60 @C 240 and A@C 60 @C 240 @C 540 . In these works, the electronic structure of a confined atom was calculated explicitly, e.g., within the Hartree-Fock approximation, while the fullerene shells were modeled by a set of spherical zero-or finite-width attractive potentials. Finally, only a few works have investigated photoabsorption spectra of buckyonions [23] [24] [25] . Similar to pristine fullerenes, nanotubes and PAHs, photoabsorption and electron energy loss spectra of buckyonions are characterized by prominent plasmon resonances formed due to collective excitations of delocalized σ and π electrons [26, 27] . In Ref. [23] , Ruiz et al. presented a theoretical model for the calculation of the photoabsorption spectra of spherical N -shell carbon buckyonions in the low photon energy region (below 10 eV) dominated by the π-plasmon. The effect due to the π-plasmon was evaluated in this model based on the electronic structure of the system provided by the Hückel single-electron model. In Ref. [24] , the photoionization of a bilayer C 60 @C 240 onion was studied by means of the time-dependent localdensity approximation, while the jellium model, that is, a uniform smearing of the valence electron density over a finite-width spherical shell, was used to represent the electronic structure of each fullerene. The calculated photoionization spectrum of C 60 @C 240 showed a significant redistribution of the oscillator strength density and the emergence of two new resonances, as compared to the sum of the cross sections of the pristine systems. These effects were explained in terms of a strong inter-fullerene coupling leading to hybridization of the electronic states of individual fullerenes and the formation of four crossover plasmons [24] . In a recent work [25] , the photoabsorption spectra of C 60 @C 240 and C 60 @C 180 onions were calculated by means of time-dependent DFT (TDDFT) in the visible-near UV region (up to 5 eV). The resulting spectrum of C 60 @C 240 was characterized by a simple overlap of the spectra of isolated C 60 and C 240 because of a weak mutual perturbation of the two fullerenes upon encapsulation.
In this paper, we evaluate the photoabsorption spectra of two buckyonions, C 60 @C 240 and C 20 @C 60 , by means of the two complementary theoretical approaches. The TDDFT method is used to calculate the spectra in a broad photon energy range up to 100 eV. The results of TDDFT-based calculations are compared with those based on the plasmon resonance approximation (PRA) [3, 4, 28] in order to map the well-resolved features of the spectra to particular collective electron excitations. The PRA formalism is extended allowing for the study of collective electron excitations in multishell fullerenes under photon impact. We demonstrate that the spectrum of the C 60 @C 240 buckyonion corresponds to the sum of the spectra of the two isolated fullerenes, thus indicating the absence of strong inter-fullerene coupling. On the contrary, the photoabsorption spectrum of C 20 @C 60 differs significantly from the corresponding sum of the isolated molecules due to strong geometrical distortion of the system. These results provide valuable information about a fundamental problem of the formation and interplay of collective electron excitations in complex nanoscale systems.
The atomic system of units, m e = |e| =h = 1, is used throughout the paper unless otherwise indicated.
II. THEORY AND COMPUTATIONAL DETAILS

A. Time-dependent density-functional theory
The TDDFT-based calculations of isolated fullerenes and buckyonions have been performed in the linear regime within the dipole approximation [29, 30] . Within this framework, the external potential v ext (r, t) acting on a system is represented as a sum of a timeindependent part, v 0 ext (r), and a time-dependent perturbation v ′ ext (r, t). The time evolution of the electron density, ρ(r, t), is then represented as a sum of the unperturbed ground-state density, ρ 0 (r), and the variation δρ(r, t), which arises due to v ′ ext (r, t). Performing the Fourier transform of time-dependent quantities, one gets the response of the system to an external perturbation in the frequency representation. For the external perturbation v ′ ext (r, ω) = −E(ω) · r due to a uniform electric field, the Fourier transform of the induced dipole moment reads as follows:
where i, j denote the Cartesian components, α ij (ω) is the dynamical polarizability tensor which describes the linear response of the dipole to the external electric field:
χ(r, r ′ , ω) is the generalized frequency-dependent susceptibility of the system, and r i and r ′ j are the components of the position operators r and r ′ . The photoabsorption cross section is related to the imaginary part of α ij (ω) through
where c is the speed of light, and the summation is performed over the diagonal elements of the polarizability tensor.
The performed calculations rely on the approach introduced in Refs. [29, 30] , which is based on a superoperator formulation of TDDFT. It allows for the calculation of the dynamic polarizability by means of an efficient Lanczos method. In this approach, the polarizability of a many-electron system is expressed as [31] :
where the hat symbols indicate quantum mechanical operators,X i is the ith component of the position operatorX, andρ ′ j (ω) =ρ j (ω)−ρ 0 is the response density matrix. It is expressed viaρ j (ω), that is the single-electron density matrix of the system perturbed by an external homogeneous electric field polarized along the jth axis, andρ 0 , that is the density matrix describing the ground state. The response density matrix can be expressed as the solution of the linearized quantum Liouville equation [29, 30, 32] :
where L is the so-called Liouvillian operator and the square brackets indicate a commutator. The action of the Liouvillian L ontoρ
whereĤ 0 is the ground-state Kohn-Sham Hamiltonian calculated within the DFT approach andV ′ Hxc [ρ] denotes the linear variation of the electrostatic and exchangecorrelation potentials. The coordinate representation of the latter operator is as follows:
and κ xc is the so-called exchange-correlation kernel. The polarizability tensor (4) is defined from the solution of Eq. (5) as the off-diagonal matrix element of the resolvent of the Liouvillian L. In the approach introduced in Refs. [30] [31] [32] , this quantity is calculated using the Lanczos recursion method (for details, see the above cited papers and references therein). In this study, photoabsorption spectra of pristine and multishell fullerenes were obtained for the systems with optimized geometries. The optimization procedure was performed by means of Gaussian 09 package [33] utilizing the split-valence 6-31G(d) basis set and the local density approximation (LDA) [34] . The photoabsorption spectra of the optimized systems were obtained using the TDDFPT module [31] of the QuantumEspresso package [35] . The optimized structures were introduced into a supercell of 20 × 20 × 20Å 3 . Then, the system of KohnSham equations was solved self-consistently for all valence electrons (2s 2 2p 2 electron in each carbon atom) of each system to calculate the ground-state eigenvalues using a plane-wave approach [35] . In the calculations, we used an ultrasoft pseudopotential [36] which substitutes real atomic orbitals in the core region with smooth nodeless pseudo-orbitals. For the plane-wave calculations we used the kinetic energy cutoff of 30 Ry for the wave functions and 180 Ry for the electron densities.
B. Plasmon resonance approximation
The contribution of plasmon excitations to the photoabsorption spectra of isolated fullerenes has been evaluated using the plasmon resonance approximation (PRA) [3, 4, 28] . Within this approach, a single fullerene is represented as a spherically symmetric system with a homogeneous charge distribution within the shell of a finite width, ∆R = R 2 − R 1 , where R 1,2 are the inner and the outer radii of the molecule, respectively [37] [38] [39] [40] [41] . In other words, a fullerene is modeled as a system with the electron density being constant inside the spherical shell and equal to zero outside the shell. The chosen value of the shell's width, ∆R = 1.5Å, corresponds to the typical size of the carbon atom [38] and was successfully utilized in our earlier studies, see, e.g., Refs. [11, 40, 42] . A question of validity of the rectangular electron density profile and its comparison with more realistic densities in C 60 was addressed in a number of earlier studies, see, e.g., Refs. [43, 44] . In these works, it was found that the shape of the electron density distributions does not affect the overall shape and the peak positions of the imaginary part of the dipole polarizability and hence the photoionization cross section.
Within the PRA, the dynamical polarizability α(ω) has a resonance behavior in the region of frequencies where collective electron modes in a fullerene can be excited. Due to interaction with the uniform external field, E(ω), the variation of the electron density, δρ(r, ω), occurs on the inner and outer surfaces of the fullerene shell.
This variation leads to the formation of the surface plasmon, which has two normal modes of vibration, the symmetric (s) and antisymmetric (a) ones [37] [38] [39] 45] . Hence, the cross section, σ(ω) ∝ Im α(ω), is defined as
where ω is the photon energy, ω s and ω a are the resonance frequencies of the two plasmon modes, Γ s and Γ a are the corresponding widths, and N s and N a are the number of delocalized electrons, involved in each collective excitation mode. The latter values obey the sum rule N s + N a = N , where N stands for a total number of delocalized electrons in the fullerene. In the present study, we account for the both π and (σ + π) plasmons, which involve only π or both σ+π delocalized electrons of the system, respectively. Thus, the photoionization cross section is defined as
, where the contribution of each plasmon is governed by the two modes, as follows from Eq. (8) . The frequencies of the collective excitations are defined as [37, 38] :
where the signs '−' and '+' correspond to the symmetric and antisymmetric modes, respectively, and ξ = R 1 /R 2 is the ratio of the inner to the outer radii. The quantities
a are the number of delocalized electrons involved in the formation of the (σ + π)-and π-plasmons, respectively; their sum is equal to the total number of delocalized electrons in the fullerene, N . The parameter ω 0 comes from the Lorentz model of insulators and accounts for bound electrons in the case of the (σ + π) plasmon [38] . This parameter defines a threshold above which the free-electron picture of the charge density becomes fully applicable. Below ω 0 , some of the valence electrons are treated as bound ones and, therefore, are not involved in the formation of the plasmon excitation. In this representation, frequency-dependent dielectric function is defined as
2 ) with ω 2 p being the volume plasmon frequency defined by the equilibrium distribution of electron density; it is expressed in terms of the total number of delocalized electrons and the volume of the fullerene shell, ω ). In this case, valence electrons are assumed to be bound to their local sites by an average, isotropic force proportional to ω 2 0 [37] . Therefore, only the π electrons are active for photon energies below the threshold ω 0 . Above this value, all (σ + π) electrons become active and should be taken into consideration. In the present calculations, we have utilized the value of ω 0 = 13 eV which was suggested in Ref. [37] to reproduce the strong absorption peak in the spectrum of C 60 around 20 eV [7] . In Ref. [38] , a similar value of ω 0 = 14 eV was proposed as an average energy of σ − σ * transitions between the bonding and antibonding bands of cabron nanosystems with sp 2 -hybridization. When considering the contribution of the π-plasmon, the parameter ω 0 is set to zero.
In this study, we have also extended the above described formalism to investigate collective electron excitations in multishell fullerenes under photon impact. The general methodology for analyzing plasmon excitations formed in buckyonions is presented in Appendix A. In this extension, the behavior of electron density on each fullerene is governed by the coupling parameter which is introduced according to geometry of the system. This parameter stands for the separation distance between the outer surface of the jth fullerene and the inner surface of the (j + 1)th fullerene. In Appendix B, this methodology is applied to the case of C 60 @C 240 and its current limitations are outlined.
III. RESULTS
A. Photoionization of C60@C240 Figure 1 demonstrates the photoabsorption spectrum of a C 60 @C 240 buckyonion calculated within the TDDFT approach in the photon energy region up to 100 eV (thick black curve). The sum of the cross sections of isolated C 60 and C 240 fullerenes, σ(ω) C60 + σ(ω) C240 , is shown by the thin red curve, while the constituents of this sum are presented in the inset. In what follows, this sum is denoted as σ(C 60 + C 240 ) for simplicity. The figure demonstrates that the cross section of the buckyonion is quite similar to that of the two isolated fullerenes. In the photon energy range between 10 and 20 eV, the spectrum of the buckyonion almost coincides with σ(C 60 + C 240 ), while a slight difference between the two spectra appears above 20 eV. This difference is due to a 10-15% variation of oscillator strength and its redistribution from the high-energy region, at about 40 eV, to the region around 20 eV in the case of the buckyonion. The general similarity between the calculated TDDFT-based spectrum of C 60 @C 240 and the sum σ(C 60 + C 240 ) indicates the absence of strong plasmonic coupling between individual fullerenes which was proposed earlier based on the jellium model [24] .
The difference between our results and those reported in Ref. [24] may be attributed to a different treatment of the ionic subsystem. In the cited work, the ionic core of each fullerene comprising the buckyonion was treated as a uniform distribution of the positive change over a spherical shell of a finite width. On the contrary, in this work, we treat all carbon ions explicitly accounting for the icosahedral symmetry of both C 60 and C 240 , and that of the C 60 @C 240 buckyonion, as well as for their structural optimization.
To investigate the obtained results in more detail, we
The photoabsorption cross section of a C60@C240 buckyonion calculated within the TDDFT method (thick black curve). Spectra of the isolated C60 and C240 fullerenes are shown in the inset. The cross section σ(C60 + C240) which is the sum of the latter two is shown by a thin red line.
have analyzed the radial distribution of valence electron density in the buckyonion and compared it to the distribution in pristine fullerenes, see Fig. 2 . In the case of a fullerene C n , the number N of delocalized electrons represents the four 2s 2 2p 2 valence electrons from each carbon atom. Thus, the figure illustrates the contribution of 240, 960, and 1200 electrons in C 60 , C 240 , and C 60 @C 240 , respectively. To calculate the density distribution, we have adopted the procedure, utilized previously in Ref. [46] . Briefly, the electron density ρ(r) created by the delocalized electrons of each system, was extracted from the Gaussian output .chk file with the help of the Multiwfn software, ver. 3.3.8 [47] . The density included only delocalized electrons, while the inner electron orbitals (1s 2 electrons from each atom) were excluded from consideration. Then, the electron density was averaged over the directions of the position vector r: Figure 2 demonstrates that the valence electron density in the buckyonion (solid black curve) almost coincides with that of the two pristine fullerenes (symbols). As follows from the performed DFT calculations, the electronic structure of the buckyonion remains almost unperturbed, compared to the isolated systems. The binding energies of the highest-occupied molecular orbital (HOMO) and the lowest valence MO are 5.3/24.3 eV in C 60 @C 240 , as compared with 5.7/24.3 eV in C 60 and 5.3/24.0 eV in C 240 . Thus, encapsulation of C 60 into C 240 does not affect the electronic properties of the latter one and its response to the external field. This is in agreement with the results of recent DFT-based calculations, which revealed that the dipole polarizability of C 60 @C 240 is only about 1.8% higher than that of the isolated C 240 [48] . The spatial separation of the electron density on each fullerene in the buckyonion results in a minor alteration of the photoabsorption cross section of C 60 @C 240 as compared to the sum σ(C 60 + C 240 ). Similar to the case of pristine C 240 , the TDDFT-based spectrum of the buckyonion is characterized by a prominent resonance peak centered at about 18 eV, which is actually split into two narrower peaks having maximum values at 16 and 20.5 eV (see the inset of Fig. 1 ). This feature can be explained by the electronic structure of the larger fullerene, namely by a dense distribution of single-electron energy levels having ionization potential of about 10-15 eV, as follows from the performed DFT calculations. In Ref. [42] , the well-resolved features in the photoabsorption spectrum of C 60 were assigned to discrete transitions between particular molecular orbitals (MOs) of the fullerene, reflecting its high symmetry, and to the ionization of particular molecular orbitals of the system. A similar explanation should hold for the description of the two-peak profile in the spectrum of C 240 ; however, a detailed analysis of the electronic structure of this system goes beyond the scope of the present paper. Both C 60 and C 240 have icosahedral symmetry so that their MOs are classified according to the I h irreducible representations. The MOs are singly (a g , a u ), triply (t 1g , t 1u ), (t 2g , t 2u ), fourfold (g g , g u ), and fivefold (h g , h u ) degenerated with the subscripts "g" and "u" denoting, respectively, symmetric ("gerade") and antisymmetric ("ungerade") MOs with respect to the center of inversion of the molecule.
Due to the quasispherical structure of the C 60 and C 240 molecules, their MOs can be expanded in terms of spherical harmonics in the angular momentum l [42, 50] . For instance, the innermost valence a g , t 1u , and h g MOs in the I h symmetry represent, respectively, the s, p, and d orbitals, which correspond to l = 0, 1, and 2. The orbitals which correspond to higher angular momenta are constructed as a combination of several MOs (see, e.g., Table 2 in Ref. [42] ). In Fig. 3 , we present ionization thresholds of several particular orbitals of C 240 which are depicted by vertical lines. The electronic structure of C 240 , although being much more dense, is quite similar to that of C 60 . For the latter molecule, we demonstrated previously [42] that there are no discrete optical transitions with the energy above 20 eV, so that a series of peaks and bumps, arising between 20 and 25 eV, can be assigned to the ionization of the innermost valence MOs. As noted above, the DFT calculations for C 240 , performed at 6-31G(d)/LDA level of theory, yield the ionization potentials of the HOMO, h u , and the innermost valence MO, a g , equal to 5.3 and 24.0 eV, respectively. Thus, the features of the spectrum of C 240 in this photon energy range can be attributed to optically allowed discrete transitions (resulting in the change of the MO's symmetry, g ↔ u) and to the ionization of particular MOs of the system. Figure 4 shows the contribution of plasmon excitations to the cross section of isolated C 60 and C 240 , evaluated by means of the formalism presented in Section II B. The utilized parameters of the model are summarized in Table I. In the performed analysis, we assumed that the ratio γ = Γ/ω of the width of the (σ+π)-plasmon resonance to its frequency is equal to γ s = 0.6 for the symmetric mode, and to γ a = 1.0 for the antisymmetric mode [11] . These values have been utilized earlier to describe experi -FIG. 4 . Contribution of the plasmon excitations to the photoabsorption cross section of C60 (red curve) and C240 (green curves) fullerenes, calculated by means of the PRA. The curves, obtained within the classical approach, describe the dominating plasmon resonance, which is formed due to collective oscillations of σ and π delocalized electrons of the systems, and a narrow low-energy peak below 10 eV is attributed to the collective excitation of only π electrons. Dashed vertical lines indicate the plasmon resonance frequencies ωs in the case of the two isolated fullerenes (see Table I ).
B. Plasmons in C60 and C240
mental data on photoionization [49] and electron inelastic scattering [11, 40] of gas-phase C 60 . The value γ s = 0.6 is also close to the numbers obtained from the earlier photoionization and electron energy loss experiments on neutral C 60 [7, 10] . The value γ a = 1.0 is consistent with the widths of the second plasmon resonance observed in the photoionization of C q+ 60 (q = 1 − 3) ions [9] . Since there is no information available in the literature about the plasmon resonance widths in C 240 , we have utilized the same ratios, γ s = 0.6 and γ a = 1.0, as in the case of C 60 . Figure 4 demonstrates that the PRA quantitatively describes the main features of the spectra reasonably well. The main resonant structure in the spectrum of each fullerene is formed due to the collective excitation of both σ and π electrons, while a prominent peak in the low-energy region of the spectrum (below 10 eV) is attributed to the excitation of some fraction of π electrons. Analysis of the plasmon contribution revealed that about 9 and 60 π-electrons (out of 60 and 240 in C 60 and C 240 , respectively) are involved in the low-energy collective excitation. The maximum of the (σ+π)-plasmon resonance peak for the larger fullerene is about 3.2 eV lower than that in C 60 because of a larger size of the molecule.
The oscillator strengths for C 240 , calculated by means of TDDFT and within the PRA in the photon energy range up to 100 eV, are equal to 895 and 854, respectively. The level of accuracy of the present calculations is similar to the earlier calculations done for C 60 [42] , where the oscillator strengths in the region up to 100 eV were estimated as 224 and 195, respectively. In the cited TABLE I. Properties of the C60 and C240 fullerenes: the total number of valence electrons, N , the mean radius, R, the inner/outer radii, R1,2 = R ± ∆R/2 for the thickness ∆R = 1.5Å, the ratio ξ = R1/R2, the surface plasmon energies ωs and ωa calculated from Eq. (9), and the corresponding widths Γs and Γa, calculated for the high-energy (σ + π)-plasmon and for the low-energy π-plasmon. Widths for the π-plasmon are taken from Ref. [42] . 3.5 [42] paper, this difference was attributed to the contribution from single-particle excitations, which are neglected in the model. For the photon energies above 100 eV, the remaining oscillator strengths are due to ionization of individual carbon atoms, multiplied by 240 and 60, respectively. This contribution can be evaluated utilizing the asymptotic dependence of the dipole polarizability in the region of large photon frequencies, α(ω) ∝ −1/ω 2 [51] .
C. Photoionization of C20@C60
As analyzed above, the electronic and geometrical properties of C 60 @C 240 do not change much as compared to the corresponding constituents. However, it is not the case for C 20 @C 60 , the smallest and one of the simplest possible buckyonions, which we have also analyzed in this work. The stability as well as geometrical and electronic properties of this system were studied earlier by means of semi-empirical, Hartree-Fock and DFT calculations [52, 53] . The composite system was found to be a highly endothermic but stable structure possessing lower symmetry compared to its isolated constituents.
The TDDFT-based cross section for C 20 @C 60 is presented in Figure 5 (thick black curve). Contrary to the case of C 60 @C 240 , the resulting spectrum of the smaller buckyonion differs significantly from the corresponding sum of the cross sections of isolated C 60 and C 20 (thin red curve). The reason for this difference is that the core of the outer fullerene becomes strongly distorted upon encapsulation of the smaller molecule. In the optimized
The photoabsorption cross section of a C20@C60 buckyonion calculated within the TDDFT method (thick black line). Spectra of isolated fullerenes C20 and C60 are shown in the inset. The cross section σ(C20 + C60) which is a sum of the latter two is shown by a thin red line.
configuration for C 20 @C 60 , 20 atoms of C 60 are located in the vicinity of their initial positions and form covalent bonds with the atoms of the smaller fullerene, while the other atoms of C 60 are pushed away from their equilibrium position in the isolated molecule by about 0.4Å. This happens because of a small inter-layer separation (R C20 = 2.04Å and R C60 = 3.54Å) that is comparable with the length of a C − C single bond in the systems with sp 2 -hybridization, R C−C = 1.47Å [55] . Because of the fact that in C 20 @C 60 the atoms of C 20 form covalent bonds with the atoms of the C 60 cage, this structure has been suggested to be considered as a carbon cluster rather than a multishell fullerene [54] . Geometrical distortion of the buckyonion leads to a significant rearrangement of its electronic structure, which
Radial distribution of the radial electron density, 4πr 2ρ (r), associated with the valence electrons in the C20@C60 (solid black curve) and in the pristine C20 and C60 molecules (dashed curves). The sum of the latter two is shown by a thin solid (blue) curve.
is illustrated in Fig. 6 . To further support this statement, we analyzed the distribution of the valence electron density, see Fig. 7 . Note that, in order to emphasize the effect, we have plotted not the average electron densitȳ ρ(r) but the radial density, 4πr 2ρ (r). The radial density distribution reflects an increase of the volume of C 20 @C 60 compared to C 60 . As a consequence, the valence electron density in the buckyonion, associated with C 60 , is shifted further from the geometrical center of the system. The alteration of the electron density results in the complete disappearance of the π-plasmon below 10 eV and smearing out of the fine structure atop the (σ+π)-plasmon (see Fig. 5 ). Distortion of the buckyonion geometry leads to a strong reduction of symmetry, so that the fine features, associated with discrete transitions between particular MOs of C 60 , smear out into a smoother profile.
IV. CONCLUSION
This work has been devoted to the investigation of photoionization of multishell fullerenes. Time-dependent density-functional theory was utilized to calculate the photoabsorption spectra of C 60 @C 240 and C 20 @C 60 in a broad photon energy range up to 100 eV. Apart from a minor redistribution (of 10-15%) of the oscillator strength, the calculated spectrum of C 60 @C 240 resembles the sum of spectra of the two isolated fullerenes, thus illustrating the absence of strong plasmonic coupling between the fullerenes. The absence of interplay between the fullerenes was also confirmed by analyzing radial distribution of electron density of the system. The calculated spectrum of the C 20 @C 60 buckyonion differs significantly from the sum of the cross sections of the individual fullerenes because of strong geometrical dis-tortion of the system and the related redistribution of valence electron density.
The contribution of collective electron excitations arising in individual fullerenes was evaluated by means of plasmon resonance approximation. It was demonstrates that the main features of the spectra, related to the formation of plasmon excitations, are well described by means of this model approach. An extension of the PRA formalism was presented, which allows for the study of collective electron excitations in multishell fullerenes under photon impact. In this extension, the behavior of electron densities on each molecule of the buckyonion is governed by the coupling parameter which is related to the geometry of the system. This parameter stands for the separation distance between the outer surface of the inner fullerene and the inner surface of the outer fullerene. As a case study, we have applied this formalism to C 60 @C 240 . The performed analysis revealed a shift of the plasmon resonance frequencies in the buckyonion compared to the case of the pristine fullerenes. On the other hand, this shift was not observed in the TDDFTbased calculations for C 240 and C 60 @C 240 . Thus, a further analysis is required to understand the reason of this discrepancy and how the results obtained with the analytical model can be brought in line with those of the more elaborated method. This investigation is of significant interest because of little knowledge on the electronic properties of multishell fullerenes.
Here ρ 0 (r) is the equilibrium distribution of electron density and ω is the field frequency. The function g(r, r ′ ) is given by
where Θ(x) is the Heaviside step function. A multishell fullerene of an arbitrary level of complexity can be modeled as a set of n concentric spherical layers of finite width, i.e., a set of individual fullerenes. Let R 1j and R 2j (R 1j < R 2j ) stand, respectively, for the inner and the outer radii of the jth fullerene (j = 1, 2, . . . , n) and ∆R j = R 2j −R 1j . The innermost fullerene is labeled with j = 1, and the outermost one with j = n.
Assuming the equilibrium distributions of electrons in each fullerene to be homogeneous, one writes the total equilibrium density ρ 0 (r) in the following form
Here, ρ 0i = N j /V j with N j standing for the number of valence electrons in the jth fullerene, and V j for the volume of the spherical layer,
. The quantity ρ 0j defines the plasmon frequency ω pj :
Since no volume plasmons can be excited under the action of a homogeneous dipole electric field [4, 45] , the solution of equation (A1) can be sought in the following form:
where σ 1j and σ 2j are the variation of the charge densities on the inner and outer surfaces in the jth fullerene.
Using (A3) and (A5) in (A1) and carrying out the intermediate algebra, one derives
where
accompanied by
For each j, one equalizes the terms containing identical delta-functions on the left-and right-hand sides of (A6) and obtains the system of 2n equations. For a single fullerene (n = 1), this system reduces to the equations presented and analyzed in Ref. [4] . For n = 2, the system of equations (A6) can be explicitly written in the matrix form:
where f = − 4π/3E 0 /4π, and D denotes the matrix
The diagonal blocks
describe the excitations in isolated fullerenes, whereas the blocks D 12 and D 21 are due to the interaction between the fullerenes:
2λ 2 a 3 12
In these formulae λ j = ω 2 pj /3.
The determinant |D| is equal to
where b 12 = R 21 /R 12 and |D jj | are determinants of the matrices D jj :
with p j = 1 + 8 ξ 3 j . The frequencies (A16) correspond to the symmetric, ω
s , and antisymmetric, ω
a , modes of the surface plasmon oscillations in a pristine C Nj fullerene. For C N1 @C N2 , the resonance frequencies ω k (k = 1, 2, 3, 4) are found as the roots of the secular equation
In the limit of uncoupled fullerenes, the secular equation reduces to |D 11 ||D 22 | = 0 resulting in (A16). Formally, this limit corresponds to b 12 = 0 in equation (A17). Indeed, this parameter is the only one which couples the characteristics of both fullerenes.
Appendix B: Application to C60@C240
A C 60 @C 240 buckyonion can be modeled as a set of two concentric spherical shells of the same width ∆R, see Fig. 2 . The inner and outer radii of the fullerenes as well as the related parameters are summarized in Table I . In what follows, the indices j = 1, 2 labels the C 60 and C 240 fullerenes, respectively. Figure 2 and the data presented in Table I suggest that the values of electron densities, ρ 0j , in both fullerenes are essentially the same, yielding the discrepancy of ca. 1.5%. Assuming ρ 01 = ρ 02 one equalizes the plasmon frequencies:
with ω p ≈ 37.2 eV.
This relation allows one to solve the secular equation analytically. Indeed, Eq. (A17), being written in terms of the variable η = ω 2 /ω 2 p − 1/2, can be further reduced to the bi-quadratic one resulting in the following set of Carrying out the limit b = 0 in Eq. (B2), one relates ω k to the frequencies of the symmetric and antisymmetric surface plasmon modes in pristine C 60 and C 240 :
The formal dependence of ω k on b is presented in Fig. 8 where the vertical line marks the value b ≈ 0.67 consistent with the data from Table I . The values of ω k for this b are listed in Table II where they are compared with the resonance frequencies in pristine C 60 and C 240 , defined by Eq. (9) .
Writing the determinant of D (see Eq. (A11)) as |D| = 
with R 1j and R 2j standing for the inner and outer radii of C 60 (j = 1) and C 240 (j = 2). Once the surface densities are found, one calculates the induced dipole moment d: 
Dividing d by E 0 , one determines the dipole polarizability α(ω) of the system. The final result for α(ω) can be written as a sum of four resonance terms:
The oscillator strengths, N k , associated with the resonances ω = ω k , are Thus defined oscillator strengths satisfy the sum rule 4 j=1 N j = N 1 + N 2 = 1200, that is the total number of delocalized electrons in C 60 @C 240 .
In the limit of uncoupled fullerenes, the oscillator strengths N 2 and N 3 reduce, respectively, to N 1 (p 1 + 1)/ 2p 1 and N 1 (p 1 − 1)/2p 1 (where p 1 = 1 + 8ξ 3 1 ) which stand for the number of electrons in pristine C 60 participating in the symmetric and antisymmetric oscillation modes [4, 56] . The quantities N 1 and N 4 reduce to those in pristine C 240 .
More accurate treatment of α(ω) must account for damping of the plasmon oscillations. Formally, this can be achieved by introducing the finite widths, Γ k , in the denominators in (B10): ω 2 k − ω 2 → ω 2 k − ω 2 − ıωΓ k . The widths can be calculated considering the decay of the collective excitation mode into the incoherent sum of single-electron excitations [57] . With the widths introduced, the photoionization cross section of a buckyonion is found from
where c is the speed of light and the polarizability α is defined by Eq. (B10).
